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Abstract
We present common fixed point results for noncommuting generalized (f, g)-nonexpansive maps. As
application, invariant approximation results are obtained. Our results unify, and generalize various known
results existing in the literature.
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1. Introduction and preliminaries
Let M be a subset of a normed space (X,‖,‖). The set PM(u) = {x ∈ M: ‖x − u‖ =
dist(u,M)} is called the set of best approximants to u ∈ X out of M , where dist(u,M) =
inf{‖y − u‖: y ∈ M}. We denote by 0 the class of complete convex subsets of X contain-
ing 0. For M ∈ 0, we define Mu = {x ∈ M: ‖x‖  2‖u‖}. It is clear that PM(u) ⊂ Mu ∈ 0.
Let f,g :M → M be mappings. A mapping T :M → M is called an (f, g)-contraction if, for
* Corresponding author.
E-mail addresses: hussainjam@hotmail.com (N. Hussain), gfj@hilltop.bradley.edu (G. Jungck).
1 On leave from Bahauddin Zakariya University, Multan, Pakistan.0022-247X/$ – see front matter © 2005 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2005.08.045
852 N. Hussain, G. Jungck / J. Math. Anal. Appl. 321 (2006) 851–861any x, y ∈ M , there exists 0  k < 1 such that ‖T x − Ty‖  k‖f x − gy‖. If k = 1, then T is
called (f, g)-nonexpansive. If g = f , in the above inequality, T is said to be an f -contraction
(respectively f -nonexpansive) mapping. The set of fixed points of T (respectively f ) is denoted
by F(T ) (respectively F(f )). A point x ∈ M is a coincidence point (common fixed point) of
f and T if f x = T x (x = f x = T x). The set of coincidence points of f and T is denoted by
C(f,T ). The pair {f,T } is called
(1) commuting if Tf x = f T x for all x ∈ M ;
(2) R-weakly commuting [14] if for all x ∈ M there exists R > 0 such that ‖f T x − Tf x‖ 
R‖f x − T x‖. If R = 1, then the maps are called weakly commuting [13];
(3) compatible [8] if limn ‖Tf xn − f T xn‖ = 0 when {xn} is a sequence such that limn T xn =
limn f xn = t for some t in M .
The set M is called q-starshaped with q ∈ M if the segment [q, x] = {(1 − k)q + kx: 0 
k  1} joining q to x, is contained in M for all x ∈ M . Suppose that M is q-starshaped with
q ∈ F(f ) and is both T - and f -invariant. Then T and f are called R-subweakly commuting on
M (see [16,18]) if for all x ∈ M , there exists a real number R > 0 such that ‖f T x − Tf x‖ 
R dist(f x, [q,T x]).
It is well known that R-subweakly commuting maps are R-weakly commuting and R-weakly
commuting maps are compatible but not conversely in general (see [8,16,18]).
A Banach space X satisfies Opial’s condition if for every sequence {xn} in X weakly conver-
gent to x ∈ X, the inequality
lim inf
n→∞ ‖xn − x‖ < lim infn→∞ ‖xn − y‖
holds for all y 	= x. Every Hilbert space and the space lp (1 p < ∞) satisfy Opial’s condition.
The map T :M → X is said to be demiclosed at 0 if for every sequence {xn} in M such that {xn}
converges weakly to x and {T xn} converges strongly to 0 ∈ X, then 0 = T x.
In 1963, Meinardus [10] employed the Schauder fixed point theorem to prove a result regard-
ing invariant approximation. In 1979, Singh [19] proved the following extension of the result of
Meinardus.
Theorem 1.1. Let T be a nonexpansive operator on a normed space X, M be a T -invariant sub-
set of X and u ∈ F(T ). If PM(u) is nonempty compact and starshaped, then PM(u) ∩ F(T ) 	= ∅.
Hicks and Humphries [5] found that Theorem 1.1 remains true if T (M) ⊂ M is replaced
by T (∂M) ⊂ M . In 1988, Sahab, Khan and Sessa [12] established the following result which
contains the result of Hicks and Humphries and Theorem 1.1.
Theorem 1.2. Let I and T be selfmaps of a normed space X with u ∈ F(I) ∩ F(T ), M ⊂ X
with T (∂M) ⊂ M , and q ∈ F(I). If D = PM(u) is compact and q-starshaped, I (D) = D, I is
continuous and linear on D, I and T are commuting on D and T is I -nonexpansive on D ∪ {u},
then PM(u) ∩ F(T ) ∩ F(I) 	= ∅.
In 1995, Jungck and Sessa [9] proved the following result in best approximation theory, which
extends Theorems 1.1–1.2 and many others.
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with T (∂M) ⊂ M . Suppose that D = PM(u) is q-starshaped with q ∈ F(I), I (D) = D, I is
affine and continuous in the weak and strong topology on D. If I and T are commuting on D
and T is I -nonexpansive on D ∪ {u}, then PM(u) ∩ F(T ) ∩ F(I) 	= ∅ provided either (i) D is
weakly compact, and I − T is demiclosed; or (ii) D is weakly compact and X satisfies Opial’s
condition.
Recently, Al-Thagafi [1] extended Theorem 1.2 and proved some results on invariant approx-
imations for commuting maps. More recently, with the introduction of non-commuting maps to
this area, Shahzad [15–18], Hussain and Khan [6], and Hussain et al. [7], further extended and
improved the above mentioned results.
The aim of this paper is to prove results extending the above mentioned invariant approxi-
mation results. In particular, we establish general common fixed point theorems for generalized
(f, g)-nonexpansive R-subweakly commuting maps. We apply theorems to derive some results
on the existence of common fixed points from the set of best approximations. Our results, on the
one hand, extend and unify the work of Baskaran and Subrahmanyam [2], Dotson [3], Habiniak
[4], Meinardus [10], Subrahmanyam [20] and on the other hand provide generalizations of the
recent work of Al-Thagafi [1], Jungck and Sessa [9], Sahab et al. [12], and Shahzad [14–18].
2. Main results
We will be needing the following general common fixed point result which is a consequence
of Theorem 3.1 of Jungck [8].
Theorem 2.1. Let (X,d) be a complete metric space, and T ,f,g be self-maps of X. Suppose
that f and g are continuous, the pairs {T ,f } and {T ,g} are R-weakly commuting such that
T (X) ⊂ f (X) ∩ g(X). If there exists r ∈ (0,1) such that for all x, y ∈ X,
d(T x,T y) r max
{
d(f x,gy), d(T x,f x), d(T y,gy), 12
[
d(f x,T y) + d(T x,gy)]},
then there is a unique point z in X such that T z = f z = gz = z.
The following result extends and improves [1, Theorem 2.2], [2, Theorems 2.1–2.2], [9, The-
orem 6] and [18, Theorem 2.2].
Theorem 2.2. Let M be a nonempty q-starshaped subset of a normed space X and T ,f , and g
be self-maps of M . Suppose that f and g are affine and continuous with q ∈ F(f ) ∩ F(g), and
T (M) ⊂ f (M) ∩ g(M). If the pairs {T ,f } and {T ,g} are R-subweakly commuting and satisfy,
for all x, y ∈ M ,
‖T x − Ty‖max
{‖f x − gy‖,dist(f x, [T x,q]),dist(gy, [Ty,q]),
1
2 [dist(f x, [Ty,q]) + dist(gy, [T x,q])]
}
(2.1)
then F(T ) ∩ F(f ) ∩ F(g) 	= ∅ provided one of the following conditions holds:
(i) M is complete, cl(T (M) is compact and T is continuous;
(ii) M is weakly compact, (f − T ) is demiclosed at 0 and X is complete.
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Tnx = (1 − kn)q + knT x
for all x ∈ M and a fixed sequence of real numbers kn (0 < kn < 1) converging to 1. Then,
each Tn is a self-mapping of M and for each n 1, Tn(M) ⊂ f (M) ∩ g(M) since f and g are
affine and T (M) ⊂ f (M) ∩ g(M). Now the affineness of f and the R-subweak commutativity
of {T ,f } imply that
‖Tnf x − f Tnx‖ = kn‖Tf x − f T x‖ knR dist
(
f x, [T x,q]) knR‖Tnx − f x‖
for all x ∈ M .
This implies that the pair {Tn, f } is knR-weakly commuting for each n. Similarly, the pair
{Tn, g} is knR-weakly commuting for each n 1.
Also by (2.1),
‖Tnx − Tny‖ = kn‖T x − Ty‖
 kn max
{
‖f x − gy‖,dist(f x, [T x,q]),dist(gy, [Ty,q]),
1
2 [dist(f x, [Ty,q]) + dist(gy, [T x,q])]
}
 kn max
{
‖f x − gy‖,‖f x − Tnx‖,‖gy − Tny‖,
1
2 [‖f x − Tny‖ + ‖gy − Tnx‖]
}
for each x, y ∈ M and 0 < kn < 1. By Theorem 2.1, for each n  1, there exists xn ∈ M such
that xn = f xn = gxn = Tnxn.
(i) The compactness of cl(T (M) implies that there exists a subsequence {T xm} of {T xn} such
that T xm → y as m → ∞. Then the definition of Tmxm implies xm → y, so by the continuity
of T , f and g we have y ∈ F(T ) ∩ F(f ) ∩ F(g). Thus F(T ) ∩ F(f ) ∩ F(g) 	= ∅.
(ii) Since M is weakly compact, there is a subsequence {xm} of {xn} converging weakly
to some y ∈ M . But, f and g being affine and continuous are weakly continuous and the
weak topology is Hausdorff, so we have fy = y = gy. And M is bounded, so (f − T )(xm) =
(1 − (km)−1)(xm − q) → 0 as m → ∞. Now the demiclosedness of f − T at 0 guarantees that
(f − T )y = 0 and hence F(T ) ∩ F(f ) ∩ F(g) 	= ∅. 
Theorem 2.3. Let M be a nonempty q-starshaped subset of a normed space X and T ,f , and
g be self-maps of M . Suppose that f and g are affine and continuous with q ∈ F(f ) ∩ F(g),
and T (M) ⊂ f (M) ∩ g(M). If the pairs {T ,f } and {T ,g} are R-subweakly commuting and T
is (f, g)-nonexpansive, then F(T )∩F(f )∩F(g) 	= ∅, provided one of the following conditions
holds:
(i) M is complete, and cl(T (M) is compact;
(ii) M is weakly compact, (f − T ) is demiclosed at 0 and X is complete;
(iii) M is weakly compact and X is complete space satisfying Opial’s condition.
Proof. (i) and (ii) follow from Theorem 2.2.
(iii) As in (ii), fy = y = gy and ‖f xm − T xm‖ → 0 as m → ∞. If fy 	= Ty, then by Opial’s
condition of X and (f, g)-nonexpansiveness of T we get,
lim inf‖f xm − gy‖ = lim inf‖f xm − fy‖ < lim inf‖f xm − Ty‖
n→∞ n→∞ n→∞
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n→∞ ‖f xm − T xm‖ + lim infn→∞ ‖T xm − Ty‖
= lim inf
n→∞ ‖T xm − Ty‖ lim infn→∞ ‖f xm − gy‖,
which is a contradiction. Thus fy = Ty and hence F(T ) ∩ F(f ) ∩ F(g) 	= ∅. 
If g = f , in Theorem 2.2, we obtain the following recent result of Shahzad without the conti-
nuity of T .
Corollary 2.4. [17, Theorem 4] Let M be a nonempty weakly compact q-starshaped subset of
a Banach space X and T and f be self-maps of M . Suppose that f is affine and continuous
with q ∈ F(f ) and T (M) ⊂ f (M). If f − T is demiclosed at 0, the pair {T ,f } is R-subweakly
commuting and satisfy
‖T x − Ty‖max
{
‖f x − fy‖,dist(f x, [T x,q]),dist(fy, [Ty,q]),
1
2 [dist(f x, [Ty,q]) + dist(fy, [T x,q])]
}
, (2.2)
for all x, y ∈ M , then F(T ) ∩ F(f ) 	= ∅.
Corollary 2.5. [15, Theorem 3] Let M be a nonempty weakly compact q-starshaped subset
of a Banach space X and T and f be self-maps of M . Suppose that f is affine and continu-
ous with q ∈ F(f ) and T (M) ⊂ f (M). If the pair {T ,f } is R-subweakly commuting and T is
f -nonexpansive, then F(T ) ∩ F(f ) 	= ∅ provided one of the following conditions holds:
(a) f − T is demiclosed at 0;
(b) X satisfies Opial’s condition.
The following corollaries extend and generalize [3, Theorem 1] and [4, Theorem 4].
Corollary 2.6. Let M be a nonempty complete and q-starshaped subset of a normed space X and
T and f be continuous self-maps of M . Suppose that f is affine with q ∈ F(f ), T (M) ⊂ f (M)
and cl(T (M) is compact. If the pair {T ,f } is R-subweakly commuting and satisfy (2.2) for all
x, y ∈ M , then F(T ) ∩ F(f ) 	= ∅.
Corollary 2.7. Let M be a nonempty complete and q-starshaped subset of a normed space X and
T and f be continuous self-maps of M . Suppose that f is affine with q ∈ F(f ), T (M) ⊂ f (M)
and cl(T (M) is compact. If the pair {T ,f } is commuting and satisfy (2.2) for all x, y ∈ M , then
F(T ) ∩ F(f ) 	= ∅.
The following theorem contains properly Theorems 1.1–1.3.
Theorem 2.8. Let M be subset of a normed space X and let f,g,T :X → X be mappings
such that u ∈ F(T ) ∩ F(f ) ∩ F(g) for some u ∈ X and T (∂M ∩ M) ⊂ M . Suppose that f
and g are affine and continuous on PM(u) with q ∈ F(f ) ∩ F(g),PM(u) is q-starshaped and
f (PM(u)) = PM(u) = g(PM(u)). If the pairs {T ,f } and {T ,g} are R-subweakly commuting
and satisfy for all x ∈ PM(u) ∪ {u},
‖T x − Ty‖
⎧⎪⎨
⎪⎩
‖f x − gu‖ if y = u,
max
{‖f x − gy‖,dist(f x, [q,T x]),dist(gy, [q,T y]),
1 [dist(f x, [q,T y]) + dist(gy, [q,T x])]} if y ∈ P (u),(2.3)2 M
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(i) PM(u) is complete, cl(T (PM(u))) is compact and T is continuous;
(ii) PM(u) is weakly compact, X is complete and f − T is demiclosed at 0.
Proof. Let x ∈ PM(u). Then ‖x − u‖ = d(u,M). Note that for any k ∈ (0,1),∥∥ku + (1 − k)x − u∥∥= (1 − k)‖x − u‖ < d(u,M).
It follows that the line segment {ku+ (1 − k)x: 0 < k < 1} and the set M are disjoint. Thus x
is not in the interior of M and so x ∈ ∂M ∩M . Since T (∂M ∩M) ⊂ M , T x must be in M . Also
since f x ∈ PM(u), u ∈ F(T ) ∩ F(f ) ∩ F(g) and T ,f,g satisfy (2.3) we have
‖T x − u‖ = ‖T x − T u‖ ‖f x − gu‖ = ‖f x − u‖ = d(u,M).
Thus T x ∈ PM(u). Consequently,
T
(
PM(u)
)⊂ PM(u) = f (PM(u))= g(PM(u)).
Now Theorem 2.2 guarantees that PM(u) ∩ F(f ) ∩ F(g) ∩ F(T ) 	= ∅. 
The following corollary improves [4, Theorem 8] and [15, Theorem 4].
Corollary 2.9. Let M be subset of a normed space X and let f,g,T :X → X be mappings
such that u ∈ F(T ) ∩ F(f ) ∩ F(g) for some u ∈ X and T (∂M ∩ M) ⊂ M . Suppose that f
and g are affine and continuous on PM(u) with q ∈ F(f ) ∩ F(g),PM(u) is q-starshaped and
f (PM(u)) = PM(u) = g(PM(u)). If the pairs {T ,f } and {T ,g} are R-subweakly commuting
and T is (f, g)-nonexpansive on PM(u)∪{u}, then PM(u)∩F(f )∩F(g)∩F(T ) 	= ∅, provided
one of the following conditions holds:
(i) PM(u) is complete, cl(T (PM(u))) is compact and T is continuous;
(ii) PM(u) is weakly compact, X is complete and f − T is demiclosed at 0;
(iii) PM(u) is weakly compact and X is complete space satisfying Opial’s condition.
Corollary 2.10. [17, Theorem 5] Let M be subset of a normed space X and let f,T :X → X
be mappings such that u ∈ F(T ) ∩ F(f ) for some u ∈ X and T (∂M ∩ M) ⊂ M . Suppose that
f is affine and continuous on PM(u) with q ∈ F(f ),PM(u) is q-starshaped and f (PM(u)) =
PM(u). If the pair {T ,f } is R-subweakly commuting and satisfy for all x ∈ PM(u) ∪ {u},
‖T x − Ty‖
⎧⎪⎨
⎪⎩
‖f x − f u‖ if y = u,
max
{‖f x − fy‖,dist(f x, [q,T x]),dist(fy, [q,T y]),
1
2 [dist(f x, [q,T y]) + dist(fy, [q,T x])]
}
if y ∈ PM(u),
(2.4)
then PM(u) ∩ F(f ) ∩ F(T ) 	= ∅, provided one of the following conditions holds:
(i) PM(u) is complete and cl(T (PM(u))) is compact;
(ii) PM(u) is weakly compact, X is complete and f − T is demiclosed at 0.
Let D = PM(u) ∩ Cf,gM (u), where Cf,gM (u) = CfM(u) ∩ CgM(u) and CfM(u) = {x ∈ M: f x ∈
PM(u)}.
Following result contains Theorem 2.3 due to Al-Thagafi [1], and many others.
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)Theorem 2.11. Let M be subset of a normed space X and f,g,T :X → X be mappings such
that u ∈ F(T )∩ F(f )∩ F(g) for some u ∈ X and T (∂M ∩M) ⊂ M . Suppose that f and g are
affine and continuous on D with q ∈ F(f ) ∩ F(g),D is q-starshaped and f (D) = D = g(D).
If the pairs {T ,f } and {T ,g} are commuting and T is (f, g)-nonexpansive on D ∪ {u}, then
PM(u) ∩ F(f ) ∩ F(g) ∩ F(T ) 	= ∅, provided one of the following conditions holds:
(i) D is complete and cl(T (D)) is compact;
(ii) D is weakly compact, X is complete and f − T is demiclosed at 0;
(iii) D is weakly compact and X is complete space satisfying Opial’s condition.
Proof. Let x ∈ D, then proceeding as in the proof of Theorem 2.8, we obtain T x ∈ PM(u).
Moreover, since T commutes with f on D and T is (f, g)-nonexpansive,
‖f T x − u‖ = ‖Tf x − T u‖ ‖f 2x − gu‖ = ‖f 2x − u‖ = d(u,M),
and similarly, ‖gT x − u‖  ‖g2x − u‖ = d(u,M), since T commutes with g. Thus f T x and
gT x are in PM(u) and so T x ∈ Cf,gM (u). Hence T x ∈ D. Consequently, T (D) ⊂ D = f (D) =
g(D). Now Theorem 2.2 guarantees that PM(u) ∩ F(f ) ∩ F(g) ∩ F(T ) 	= ∅. 
Let DR,f,gM (u) = PM(u) ∩ GR,fM (u) ∩ GR,gM (u), where GR,fM (u) = {x ∈ M: ‖f x − u‖ 
(2R + 1)dist(u,M)}. The following result extends Theorem 2.5 of Shahzad [18].
Theorem 2.12. Let M be subset of a normed space X and f,g,T :X → X be mappings such
that u ∈ F(T ) ∩ F(f ) ∩ F(g) for some u ∈ X and T (∂M ∩ M) ⊂ M . Suppose that f and
g are affine and continuous on DR,f,gM (u) with q ∈ F(f ) ∩ F(g), DR,f,gM (u) is q-starshaped
and f (DR,f,gM (u)) = DR,f,gM (u) = g(DR,f,gM (u)). If the pairs {T ,f } and {T ,g} are R-subweakly
commuting and satisfy for all x ∈ DR,f,gM (u) ∪ {u},
‖T x − Ty‖
⎧⎪⎨
⎪⎩
‖f x − gu‖ if y = u,
max
{‖f x − gy‖,dist(f x, [q,T x]),dist(gy, [q,T y]),
1
2 [dist(f x, [q,T y]) + dist(gy, [q,T x])]
}
if y ∈ DR,f,gM (u),
(2.5
then PM(u) ∩ F(f ) ∩ F(g) ∩ F(T ) 	= ∅, provided one of the following conditions holds:
(i) DR,f,gM (u) is complete, cl(T (DR,f,gM (u))) is compact and T is continuous;
(ii) DR,f,gM (u) is weakly compact, X is complete and f − T is demiclosed at 0.
Proof. Let x ∈ DR,f,gM (u). Then, as in the proof of Theorem 2.8, T x ∈ PM(u). From the
R-subweak commutativity of the pair {T ,f } and (2.5), it follows that (see also proof of The-
orem 2.5 [18]),
‖f T x − u‖ = ‖f T x − Tf x + Tf x − T u‖R‖T x − f x‖ + ‖f 2x − gu‖
= R‖T x − u + u − f x‖ + ‖f 2x − u‖
R
(‖T x − T u‖ + ‖f x − u‖)+ ‖f 2x − u‖
R
(‖f x − gu‖ + ‖f x − u‖)+ ‖f 2x − u‖
 (2R + 1)d(u,M).
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T x ∈ GR,fM (u) ∩ GR,gM (u).
Consequently,
T
(
D
R,f,g
M (u)
)⊂ DR,f,gM (u) = f (DR,f,gM (u))= g(DR,f,gM (u)).
Now by Theorem 2.2 we obtain, PM(u) ∩ F(f ) ∩ F(g) ∩ F(T ) 	= ∅. 
We shall need the following common fixed point theorem where the underlying maps need
not prefix the star-centre of the domain M .
Theorem 2.13. Let T , f be self-maps on a complete and q-starshaped subset M of a normed
space X with M = f (M). Assume that, clT (M) is compact, T and f are continuous and satisfy
(2.2) for all x, y ∈ M . Assume that the pair {f,T } is compatible and
ff v = f v for v ∈ C(f,T ). (2.6)
Then F(f ) ∩ F(T ) 	= ∅.
Proof. Define Tn :M → M as in Theorem 2.2. Then, for each n, Tn(M) ⊂ M = f (M) and
‖Tnx − Tny‖ = kn‖T x − Ty‖
 kn max
{‖f x − fy‖,dist(f x, [T x,q]),dist(fy, [Ty,q]),
1
2
[
dist
(
f x, [Ty,q])+ dist(fy, [T x,q])]}
 kn max
{‖f x − fy‖,‖f x − Tnx‖,‖fy − Tny‖,
1
2
[‖f x − Tny‖ + ‖fy − Tnx‖]},
for each x, y ∈ M and 0 < kn < 1. By Theorem 3 [11], for each n 1, there exists xn ∈ M such
that f xn = Tnxn. As clT (M) is compact, {T xn} has a subsequence {T xm} converging to y. Since
km → 1, f xm = (1−km)q+kmT xm converges to y. Since T and f are continuous, Tf xm → Ty
and f T xm → fy as m → ∞. By the compatibility of f and T , we obtain fy = Ty. Since the
pair {f,T } is compatible, then f and T commute on the points of C(f,T ). Suppose v ∈ C(f,T );
it follows by (2.6) that f v = ff v = f T v = Tf v. Hence F(f ) ∩ F(T ) 	= ∅. 
The following result includes [1, Theorem 4.1], [4, Theorem 8] and extends [18, Theorem 2.9].
Theorem 2.14. Let f,g,T be self-mappings of a normed space X with u ∈ F(T ) ∩ F(f ) ∩
F(g) and M ∈ 0 such that T (Mu) ⊂ f (M) ⊂ M = g(M). Suppose that ‖f x − u‖ ‖x − u‖
and ‖gx − u‖ = ‖x − u‖ for all x ∈ M , clf (Mu) is compact, f and g are compatible affine,
continuous, and satisfy for all x, y ∈ Mu,
‖f x − fy‖max
{
‖gx − gy‖,dist(gx, [0, f x]),dist(gy, [0, fy]),
1
2 [dist(gx, [0, fy]) + dist(gy, [0, f x])]
}
(2.7)
and ggv = gv for all v ∈ C(f,g) ∩ Mu. If T is continuous, the pairs {T ,f } and {T ,g} are
R-subweakly commuting on Mu and satisfy for all x ∈ Mu ∪ {u}, and q ∈ F(f ) ∩ F(g),
‖T x − Ty‖
⎧⎪⎨
⎪⎩
‖f x − gu‖ if y = u,
max
{‖f x − gy‖,dist(f x, [q,T x]),dist(gy, [q,T y]),
1 [dist(f x, [q,T y]) + dist(gy, [q,T x])]} if y ∈ M , (2.8)2 u
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(i) PM(u) is nonempty, closed and convex;
(ii) T (PM(u)) ⊂ f (PM(u)) ⊂ PM(u) = g(PM(u));
(iii) PM(u) ∩ F(f ) ∩ F(g) ∩ F(T ) 	= ∅.
Proof. (i) We follow the arguments used in [1,16]. We may assume that u /∈ M . If x ∈ M \ Mu,
then ‖x‖ > 2‖u‖. Note that
‖x − u‖ ‖x‖ − ‖u‖ > ‖u‖ dist(u,M).
Thus, dist(u,Mu) = dist(u,M)  ‖u‖. Also ‖z − u‖ = dist(u, clf (Mu)) for some z ∈
clf (Mu). This implies that
dist(u,Mu) dist
(
u, clf (Mu)
)
 dist
(
u,f (Mu)
)
 ‖f x − u‖ ‖x − u‖
for all x ∈ Mu. Hence ‖z − u‖ = dist(u,M) and so PM(u) is nonempty. Moreover, it is closed
and convex.
(ii) Let z ∈ PM(u). Then ‖f z − u‖ = ‖f z − f u‖ ‖z − u‖ = dist(u,M). This implies that
f z ∈ PM(u) and so f (PM(u)) ⊂ PM(u). Similarly g(PM(u)) ⊂ PM(u). For the converse assume
that y ∈ PM(u), then y ∈ M = g(M). Thus there is some x ∈ M such that y = gx. Now
‖x − u‖ = ‖gx − u‖ = ‖y − u‖ = dist(u,M).
This implies that x ∈ PM(u) and so g(PM(u)) = PM(u).
Let y ∈ T (PM(u)). Since T (Mu) ⊂ f (M) and PM(u) ⊂ Mu, there exist z ∈ PM(u) and x0 ∈
M such that y = T z = f x0. Further, we have
‖f x0 − u‖ = ‖T z − T u‖ ‖f z − gu‖ = ‖f z − u‖ ‖z − u‖ = dist(u,M).
Thus, x0 ∈ CfM(u) = PM(u) and so (ii) holds.
Since by Theorem 2.13, PM(u) ∩ F(f ) ∩ F(g) 	= ∅, it follows that there exists q ∈ PM(u)
such that q ∈ F(f ) ∩ F(g). Hence (iii) follows from Theorem 2.2(i). 
The following corollary extends [1, Theorem 4.2(a)] and [16, Theorem 2.3].
Corollary 2.15. Let f,g, T be self-mappings of a normed space X with u ∈ F(T )∩F(f )∩F(g)
and M ∈ 0 such that T (Mu) ⊂ f (M) ⊂ M = g(M). Suppose that f and g are affine and
continuous, ‖f x − u‖ ‖x − u‖ and ‖gx − u‖ = ‖x − u‖ for all x ∈ M , clf (Mu) is compact.
Assume that f is g-nonexpansive on Mu, the pair {f,g} is compatible and ggv = gv for v ∈
C(f,g)∩Mu. If the pairs {T ,f } and {T ,g} are R-subweakly commuting on Mu and T is (f, g)-
nonexpansive on Mu ∪ {u}, then
(i) PM(u) is nonempty, closed and convex,
(ii) T (PM(u)) ⊂ f (PM(u)) ⊂ PM(u) = g(PM(u)),
(iii) PM(u) ∩ F(f ) ∩ F(g) ∩ F(T ) 	= ∅.
If g = I , an identity mapping in Theorem 2.14, we obtain conclusion of Theorem 2.9 due to
Shahzad [18] with relaxed inequality (2.21).
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M ∈ 0 such that T (Mu) ⊂ f (M) ⊂ M . Suppose that ‖f x − u‖  ‖x − u‖ for all x ∈ M ,
clf (Mu) is compact, f is affine, continuous and satisfies for all x, y ∈ Mu,
‖f x − fy‖max
{
‖x − y‖,dist(x, [0, f x]),dist(y, [0, fy]),
1
2 [dist(x, [0, fy]) + dist(y, [0, f x])]
}
. (2.9)
If T is continuous, the pair {T ,f } is R-subweakly commuting on Mu and satisfies for all
x ∈ Mu ∪ {u}, and q ∈ F(f ),
‖T x − Ty‖
⎧⎪⎨
⎪⎩
‖f x − f u‖ if y = u,
max
{‖f x − y‖,dist(f x, [q,T x]),dist(y, [q,T y]),
1
2 [dist(f x, [q,T y]) + dist(y, [q,T x])]
}
if y ∈ Mu,
(2.10)
then
(i) PM(u) is nonempty, closed and convex,
(ii) T (PM(u)) ⊂ f (PM(u)) ⊂ PM(u),
(iii) PM(u) ∩ F(f ) ∩ F(T ) 	= ∅.
Remark 2.17. Theorem 2.2 remains valid for four mappings with obvious modifications (cf. [8,
Theorem 3.1]). We leave details to the reader.
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